In eukaryotic cells the actin-cytoskeletal network provides stiffness and the driving force that contributes to changes in cell shape and cell motility, but the elastic behavior of this network is not well understood. In this paper a two dimensional form-finding model is proposed to investigate the elasticity of the actin filament network. Utilizing an initially random array of actin filaments and actin-cross-linking proteins the form-finding model iterates until the random array is brought into a stable equilibrium configuration. With some care given to actin filament density and length, distance between host sites for cross-linkers, and overall domain size the resulting configurations from the form-finding model are found to be topologically similar to cytoskeletal networks in real cells. The resulting network may then be mechanically exercised to explore how the actin filaments deform and align under load and the sensitivity of the network's stiffness to actin filament density, length, etc. Results of the model are consistent with the experimental literature, e.g. actin filaments tend to re-orient in the direction of stretching; and the filament relative density, filament length, and actin-cross-linking protein's relative density, control the actin-network stiffness. The model provides a ready means of extension to more complicated domains and a three-dimensional form-finding model is under development as well as models studying the formation of actin bundles.
Introduction
Eukaryotic cells are the building blocks of higher organisms. The cytoskeleton forms the internal framework of eukaryotic cells and is responsible for a cell's elasticity and thus plays an important role in cell shape and motility. The mechanical behavior of the cytoskeleton is determined by the interactions of three types of filaments: actin filaments, intermediate filaments, and microtubules [1] . Actin filaments provide cells with primary mechanical support and are engaged as a driving force in cell motility [2] .
The stiffness of the cytoskeleton network governs passive and active mechanical performance of cells. Many biological functions are intimately associated to the mechanical response, and therefore the cell's stiffness may also serve as a sensitive indicator for the development or health state of a cell [2] . In recent years, numerous efforts have been made to predict the elasticity of the cytoskeleton network by using computational models; including open-cell foam models [3] , tensegrity models [4] [5] [6] [7] , cable network models [8] , lattice-based models [9] , coarse-grained models [10, 11] and Brownian dynamics models [12, 13] .
The pioneering work of Satcher and Dewey [3] employed a unit cell model of the cytoskeleton, in which the cross-linked actin filament network is treated as a solid matrix with random open pores (an open-celled foam) [2] . The model provides a simplified representation of the complex topology of the cytoskeleton in an average sense, and depends primarily on the bending stiffness of the actin filaments, and is independent of pre-stress forces in the network. Calibration to experimental data is required. The model represents a fine starting place for analytical exploration, but is limited in its ability to capture details of actual cytoskeletal networks.
Many researchers have employed tensegrity structures to describe the mechanical properties of a cell. Tensegrity is a structural principle based on the use of isolated compression elements inside a net of continuous tension elements with the aim of achieving a stable form in space [4] . Ingber and co-workers [14] first introduced the tensegrity concept to explain how cells and tissues are constructed and Stamenovic and Coughlin [8, 15] have used a variety of tensegrity models from simple to complex to explore cytoskeletal networks. Stiffness of tensegrity models are dependent on the level of internal prestress, and opposite to open cell foam models, engage the axial stiffness of actin filaments and are independent of the bending stiffness of the actin filaments. Inclusion of pre-stress is important as experiments have established that cell stiffness is correlated with the level of pre-stress in both living [16] [17] [18] and reconstituted [19, 20] actin networks. However, internal prestress in the network is a difficult quantity to measure, varies greatly across experiments [1] and results in significant uncertainty in the application of the model. In addition, while tensegrity does provide a stable three-dimensional cable configuration it is a very specific class of a much broader set of three-dimensional structures and little topologic evidence exists for its exact use in the cytoskeleton. Instead, much like the open-cell foam models it must be recognized as an intriguing starting point, particularly for analytical exploration, but is limited in its ability to capture many details of actual cytoskeletal networks.
A feature of all of the aforementioned models is that they have regular geometries and topologies. However, the topology of real cytoskeleton networks is highly diverse and complex. Randomness is a fundamental nature of cytoskeleton networks and should not be ignored. Attempts to introduce this randomness into cytoskeletal network models have been completed in tensegrity models [6] and through Monte Carlo simulation [11] . Another feature of developed computational models is that they are coarse-grained; that is, the true cytoskeleton system has far more filaments than the structural components in these models. Bausch and Kroy [21] proposed a multi-scale modeling approach to infer mechanical properties of filaments at the atomic scale and translate these into coarsegrained models of large filaments or filament networks [11] . Brownian dynamics models developed by Kim et al. captures broad features of the cytoskeleton network and are well-suited to describe the mechanical response in vitro; however the shear modulus (G') calculated by such models is small and efforts are still needed for accurate in vivo simulations.
In this work, our objective is to demonstrate the possibility of designing more complex and topologically relevant actinnetwork models using an equilibrium form-finding method. The paper addresses the development of the form-finding model, the components of which are generated by using a fully stochastic approach. The model is used to predict experimental observations of filament re-orientation, and study effects of the filament relative density, the filament length, and the relative density of filament cross-linkers on elastic modulus of the filament network.
Methods and Models
Existing computational models for actin-networks are typically coarse-grained, drastically simplify and regularize the actual network topology, and require artificial external calibration. The objective of the form-finding model developed herein is to provide a fine scale model that is topologically consistent with actual actin-networks, does not require external calibration, and provides a means to directly explore the role of actin-network components, e.g. the influence of the average length of actin filaments on the elastic modulus of the network.
To achieve this modeling objective, the equilibrium formfinding concept of structural/architectural engineering has been employed to find the natural form of cytoskeleton networks. Form-finding investigates how inter-connected networks deform into stable flexible structures. In structural/architectural engineering, form-finding may be used to find stable configurations of members for complex roofs and building structures. In nature, form-finding may be employed to discover how seemingly dis-organized structures are organized under mechanical stimulus. Form-finding analysis can be used to disclose the organizational principles of patterning in nature. In the mechanical sense, form-finding is the process of finding a stable equilibrium configuration for an arbitrarily defined initial system within a set of boundary conditions for a particular material or inter-connected components. Based on form-finding principles, models of actin-networks have been developed in this paper. Figure 1 shows a comparison between the current two-dimensional form-finding model and a scanning electron micrograph (SEM) of a typical actin-network. It can be seen that the form-finding model has the ability to provide a topologically realistic representation of the geometry of a real cytoskeleton.
Model construction
Initial conditions. Before creating a form-finding model, it is essential to determine a domain. In this case the domain defines the extent of the initial cytoskeleton network. As shown in Figure 2 (a), a square domain has been chosen as the periodic representative element. Key length scales in the domain include the actin filament length and the domain side length. Obviously, the domain dimension has to be greater than the maximum actin filament length, but it is desirable to limit domain size in order to minimize the computational cost since a large number of stochastic simulations are necessary to study the relation between the network's stiffness and the properties of its constituents. Based on these considerations and typical filament length's reported in the literature (e.g., [22] ) an average actin filament length of 5 μm is selected along with a square domain of 10 μm × 10 μm.
Model parameters. The form-finding and actin-network stretching analyses are carried out with large deformation nonlinear finite element analysis. Beam and cable elements are used to model the actin filaments and their cross-linkers, respectively. Geometric and material properties for the network are based on available experimental measurements and are listed in Table 1 .
Actin filament generation. To generate the geometrical model, actin filaments are placed sequentially within a prescribed two-dimensional space, as shown in Figure 2 (a). For each actin filament, length is sampled from a truncated (negative values are thrown out) Gaussian distribution with mean and standard deviation as reported in Table 1 .Centroidal coordinates and angle of orientation of the filament are determined from uniform random distributions that cover the domain (X ~ 0-10 μm, Y ~ 0-10 μm, θ ~ 0-2π). If the actin filament falls out of the prescribed domain it is translated into the domain. An example of the first actin filament generated is provided in Figure 2 (b). Additional randomly generated actin filaments are placed into the domain until relative density in the domain reaches a specified value. Cross-linker generation.
The modeled cytoskeletal network consists of an actin-network (of beams) cross-linked by proteins modeled as cables. Either α-actinin or filamin crosslinkers may be appropriate [23] [24] [25] [26] here the model parameters (Table 1 ) are essentially aligned with filamin properties, but the stiffness of α-actinin may in the long term make it a more appropriate choice. At this stage, the goal is to demonstrate the model potential, but further detailed work on the cross-inker parameters is needed. Cable elements are used as crosslinkers to connect the actin filaments. The cross-linkers are generated in two steps. First, actin filaments are divided into segments to present their periodic binding sites to the crosslinkers as shown in Figure 2 (d). Hence, cross-linkers may only attach at the binding sites (segment ends). The binding sites are selected such that they match expected pore size (see Figure 1(b) ). Second, cross-linkers are created by connecting any two binding sites where the distance apart is less than the maximum cross-linker length. The resulting two-dimensional network model is provided in Figure 2 (e) and is thus prepared for the form-finding step.
Form-finding. After a model such as that shown in Figure  2 (e) is generated, a form-finding analysis is carried out to compute the final equilibrium shape of the actin-network. A small tensile pre-stress force (~3 pN or 5% of the tensile yield strength of the cross-linkers, Table 1 ) is applied to the crosslinkers to mimic the force state of an actin-cross-linking protein after it establishes a link between two actin filaments; and then a nonlinear finite element form-finding analysis is performed to compute the self-equilibrium configuration. During the formfinding analysis, the pre-stress force in the cross-linkers is kept constant. The small constant pre-stress force in the crosslinkers is only to facilitate the form-finding analysis. The prestress magnitude can be calibrated by comparing the predicted filament fluctuations with experimental observations. Preliminary studies of the cross-linker pre-stress magnitude indicate the expected stiffness varies by about 5% between minimal pre-stress and a pre-stress equal to the tensile yield strength of the cross-linkers. Figure 2 (f) provides typical formfinding results for a cytoskeleton network, including actin filaments connected by actin-cross-linking proteins. The Table 1 . Dimensions and material properties of actin filaments and cross-linkers.
Parameters Data
Elastic modulus of actin filaments 1.4 GPa [30] Diameter of actin filaments 7 nm [30] Length of actin filaments 5 ± 2 μm [17] Length of actin filament segments 1 0.3 ± 0.06 μm Relative density of actin filaments 2 0.15% ~ 0.3% [1] Yield tensile force of actin filaments 0.25 nN [31] Maximum length of cross-linkers 0.3 μm [19] Yield tensile force of cross-linkers 60 pN [18] 1 The maximum length of cross-linkers is used to achieve an accurate prediction. 2 Relative density is the amount of actin filaments per unit volume of filament network.
doi: 10.1371/journal.pone.0077417.t001
resulting networks share a strong resemblance with the known topology of actin filament networks such as shown in Figure  1 (b) or the EM images of [27] . Effective modulus determination. After form-finding the developed representative volume element (e.g. 
Modeling sensitivity to sample and domain size
To obtain an optimum balance between computational cost and accuracy, modeling sensitivity to sample and domain size is assessed before completing further analysis.
Modeling sensitivity to sample size. Elastic modulus of networks with an actin filament relative density of 0.2% was determined from sample sizes of 100 and 1000 realizations of the 10 μm × 10 μm domain. A typical sample is provided in Figure 4 (a) and histograms of the developed elastic moduli are provided for 100 samples in Figure 4 (b) and 1000 samples in Figure 4 (c). The larger number of samples provides a smoother approximation of the resulting probability distribution function (PDF) and better explores the extremes of the distribution, but the means, 4.38 kPa and 4.41 kPa, are very close. Since for the studies here mean elastic moduli is the main concern, the smaller sample size is deemed adequate.
Modeling sensitivity to domain size. Elastic modulus of networks, with a relative density of 0.15%, was studied for domains of 10 μm × 10 μm and 20 μm × 20 μm. Typical network topology and histograms from the 100 samples of 
Results

Filaments orient under extension
Actin filaments re-orient when a cell is under mechanical stimulation. The exact nature of this re-orientation is complex and depends on the time-scales of the stimulation, the stiffness of the substrate employed in the stretching and a host of biological factors. At short time scales as the filament network responds to elongation filaments may align parallel to the stretch [28] ; for other cases alignment may be perpendicular to the direction of stretch [29] unless specific proteins are knocked down [30] . The current form-finding analysis has been used to explore this phenomenon. The orientation of filament segments is quantified when the actin-network is under uniform extension (in the horizontal direction). Form-finding simulations consisting of 100 samples have been completed and the actin filament relative density is 0.25%. Figures 7-9 provide a typical sample and the histogram of filament segment orientation at strain levels of 0%, 50%, and 100%, respectively. In the initial state ( Figure 7 ) the angular orientation for the filament segments is uniformly randomly distributed from 0° to 90°. However, as the network is stretched the filaments begin to exhibit a distinct alignment in the horizontal direction as they experience higher levels of straining, as detailed in Figures 8 and 9 . Thus, the physics of the model demands parallel orientation of the filaments, and the model will have to have additional feedback included to exhibit the type of behavior observed in [29] .
Filament and filamin control network stiffness
The relative densities of actin filaments and actin-crosslinking proteins dramatically alter the stiffness of actin networks [31] [32] [33] [34] [35] [36] . Moreover, actin filament length affects the rheology of these networks and therefore further "tunes" their elasticity [22] . The developed form-finding model enables us to directly investigate the effects of relative density of the filaments or cross-linkers, and filament length on the network stiffness.
Relative density of filaments positively correlated with cytoskeletal stiffness. We used seven sets of samples (100 each), across filament relative densities of 0.15%, 0.175%, 0.20%, 0.225%, 0.25%, 0.275% and 0.30%. The topology of selected samples are provided in Figure 10 and show how relative density influences pore size and inter-connectedness of the developed network. At each relative density 100 samples are completed and the effective elastic modulus predicted. Histograms of the mean and standard deviation of elastic modulus for each filament are provided in Figure 11 . Relative density plays a powerful role in determining network stiffness, e.g. the modulus is 3.11 kPa and 6.83 kPa at 0.15% and 0.30% relative density, respectively. The variation of mean network stiffness (modulus) with filament density is provided in Figure  12 , where an approximately linear relation can be observed.
Filament length positively correlated with cytoskeletal stiffness. Changing average filament length at a fixed relative density provides another means to alter the network topology ( Figure 13 ) and resulting stiffness. A set of ten studies (100 samples in each study) is completed where the average and standard deviation of the filament length is varied -average filament length is varied from 0.6 μm to 6 μm in increments of 0.6 μm and the standard deviation is perfectly correlated to the length increasing from 0.12 μm up to 1.2 μm in increments of 0.12 μm. At the shortest filament length (Figure 13(a) ) individual filaments typically only have one or two cross-linked connections to other filaments. At the longest filament length (Figure 13(d) ) individual filaments have many, often more than 10, cross-linked connections to other filaments. This interconnectivity (even at the same overall relative density) is rewarded with higher average effective modulus (E): 3.85 kPa for the longest average filament length (Figure 13(d) and 14(d) ) versus only 2.08 kPa for the shortest average filament length (Figure 13(a) and 14(a) ).
Sample histograms for the resulting effective modulus are provided in Figure 14 and summary statistics across the full study in Figure 15 . Note, at the longest filament length (6.0±1.2μm, Figure 13(d) and 14(d) ) a larger number of high stiffness outliers result -suggesting that we are near the limit for our domain size and boundary effects are beginning to influence the statistics. Thus, longer filament lengths are not recommended for study without increasing the domain size. Taken in total, Figure 15 shows that actin filament length varies effective modulus by as much as nearly 2 kPa, similar to the total variation for studied relative density (Figure 12) .
Relative density of cross-linkers positively correlated with cytoskeletal stiffness. In the developed form-finding model the cross-linking protein connects the actin-network together. In the baseline model the actin filaments have host sites, which are 0.3 ± 0.06 μm apart (these are the segment ends, described in Section 2.1.4) and any two host sites that are less than 0.3 μm are connected by a cross-linker. Here, instead of connecting all host sites that are less than 0.3 μm only a percentage are randomly connected, varying from 20% up to 100% (baseline). For a given actin filament topology (a single network realization) the resulting cross-linking is depicted in Figure 16 . Histograms of the effective modulus across 100 samples are provided for 20% to 80% cross-linking density in Figure 17 and the average ± a standard deviation are depicted for all results in Figure 18 . Effective modulus increases by 3 kPa from 20% up to 100% cross-linking.
Form-finding model provides basis for a more balanced approach
The open-cell foam model and the tensegrity model of cytoskeletal network stiffness are important idealizations, but they suffer fundamentally in that they assume that all the deformations are either bending (open-cell foam) or axial (tensegrity). In fact, no reason exists that this should be the case, and the form-finding model demonstrates how both modes of deformation play a role in the solution.
For each actin filament, under deformation, we may determine the strain energy due to bending (SE bending ) and the strain energy due to axial deformation (SE axial ). The total strain energy (SE total ) is the summation of these two. For our baseline model (0.15% relative density, further details in Table 1 ) a histogram of the fraction of axial strain energy (SE axial /SE total ) is provided in Figure 19 . As indicated in Figure 19 , most of the actin filaments have very low axial strain energy and hence high bending strain energy. Hence the actin-network may be considered to be dominated by bending deformations and behave in a beam-like fashion. Nonetheless, a large number of actin filaments are dominated by axial (truss-like) deformations -and many more still are in between. The specifics of these results are sensitive to relative density, cross-linker density, mode of deformation, etc. Here, the form-finding model shows that both modes of deformation are necessary for realistic modeling of cytoskeletal network stiffness.
Discussion
The developed form-finding model provides a means to generate realistic cytoskeletal network topologies with major biological features incorporated into the model. Instead of beginning from a set, ordered, topology as in existing models the form-finding model begins with a random array of materials. Order in the network is found by adhering to a fundamental law, in this case a stable equilibrium position, which is achieved through exploring large deformations in the network: i.e., through form-finding. Form-finding analysis, which is well known in designing tensile membrane structures (tents, etc.) within structural engineering, is well suited for the problem at hand.
A useful feature of the form-finding model is that it is inherently able to handle large deformations. The massive reorientation of actin filament fibers that happens under stretching in one direction is readily included in the form-finding model as shown in Figure 9 . Since most biologically relevant deformations are large in nature this ability is an essential feature for extensions to studies on cell morphology and motility.
The developed form-finding model demonstrates that relative density, actin filament length, and the concentration of actincross-linking protein, all play an influential role in the effective modulus of a cell. For the studied details relative density (varied from 0.15% to 0.30%) plays the strongest role, creating a variation of almost 4 kPa in stiffness across the studied range; however, variation in actin filament length created a 2 kPa spread, and variation in the concentration (presented by density) of cross-linker (filamin) created a 3 kPa spread. Thus, we come to the biologically relevant observation that, through determining the number of actin filaments (relative density), the length of actin filaments, and the degree to which they are cross-linked, the cell has fine-level control over the developed stiffness. Further, we note that these features are all captured in the form-finding model.
Given the many length and time scales inherent in cellular response multi-scale models are a natural long-term direction for model development. The form-finding model developed herein provides relevant features to cross scales. For example, at finer scales, actin-cross-linking protein binding sites on the actin filament are included in the model and detailed models of the cross-linking process could be included. At coarser scales, the overall effective modulus of a given realization of cytoskeletal network can readily be included in a continuum scale model.
Significant future work remains to advance the form-finding model. The most important of which is the move from twodimensions to three-dimensions. As the SEM of Figure 1(b) shows the network has depth and the filaments are clearly oriented in space, not just a plane. Initial work in this direction has been completed and it may be stated that stable equilibrium configurations in three-dimensions, using the same techniques for building up the form-finding model, exist. Model complexity and computational size quickly expand presenting certain challenges to large stochastic simulations, but it is felt by the authors that this direction has the most promise and is an active area of current research. Additional work utilizing the form-finding model to directly address cytoskeletal viscoelasticity is also needed. The form-finding model provides the framework for this study, but detailed time-dependent parameters of the filaments and cross-linkers is required.
Conclusions
A stochastic form-finding model has been developed to study the stiffness of the cytoskeleton network. The developed twodimensional model includes actin filaments and cross-linking proteins and is realized on a 10 μm × 10 μm domain. For a given random initial actin filament topology and density of cross-linkers a form-finding analysis is performed to generate a stable configuration for the network. The resulting network is topologically similar to real actin-networks. Through simulation of simple stretching the performance of the network is assessed. Both bending and axial deformations occur within the actin filaments. Consistent with actual cell response it is also shown how actin filaments align and re-orient under large stretching. The predicted effective modulus under stretching is consistent with experimental observations. The form-finding model also shows how effective modulus is sensitive to relative density, actin filament length, and cross-linker density. Work to extend the model to three dimensions is underway. Taken 
